Topological order can be found in a wide range of physical systems, from crystalline solids 1 , photonic meta-materials 2 and even atmospheric waves 3 to optomechanic 4 , acoustic 5 and atomic systems 6 . Topological systems are a robust foundation for creating quantized channels for transporting electrical current, light, and atmospheric disturbances. These topological effects are quantified in terms of integer-valued invariants, such as the Chern number, applicable to the quantum Hall effect 7, 8 , or the Z 2 invariant suitable for topological insulators 9 . Here we engineered Rashba 10 spin-orbit coupling for a cold atomic gas giving non-trivial topology, without the underlying crystalline structure that conventionally yields integer Chern numbers. We validated our procedure by spectroscopically measuring the full dispersion relation, that contained only a single Dirac point.
underlying quantum states, Eq. 1 instead gives the Chern number. Both the Euler characteristic and the Chern number are integer valued, but the Euler characteristic depends only on the manifold M and its intrinsic curvature, whilst the Chern number depends both on a manifold (the BZ) and an additional vector field defined on M (the Berry curvature).
Experimental realizations of topological materials have focused on engineering different
Berry curvatures in lattice systems, where M is always a torus. Here we show that by eliminating the lattice potential and thereby changing M from T 2 to R 2 , i.e. from a torus to a Cartesian plane, it is possible to create topological branches of the dispersion relation with half-integer Chern number. In our experiments we created both topological and nontopological dispersion branches by introducing Rashba-like spin-orbit coupling (SOC) 20-22 to a cold quantum gas.
We engineered Rashba SOC by resonantly coupling three internal atomic states using two-photon Raman transitions 23 as depicted in Fig. 1 . As shown in Fig. 1a , the engineered system consisted of an effective spin-1/2 subspace described by a Rashba-type SOC HamiltonianĤ SOC = 2α/m(q × e 1 ) ·σ, with added tunable higher-order terms describing quadratic and cubic Dresselhaus-like SOC 20 , along with a topologically trivial high-energy branch. Here α is the spin-orbit coupling strength andσ = (σ x ,σ y ,σ z ) is the vector of Pauli operators.
Our engineered Rashba system had a single Dirac cone near q = 0, where the two lower dispersion branches become degenerate and the Berry curvature becomes singular. Each of these branches extend to infinite momentum, making the supporting manifold a plane rather than a torus. We characterized this system using both spectroscopy and quantum state tomography. This allowed us to measure the dispersion branches and directly observe the single Dirac point linking the lowest two branches as well as to reconstruct the Berry connection to derive the associated Chern numbers.
All of our experiments started with about 10 6 87 Rb atoms in the ground state F = 1 hyperfine manifold, just above the transition temperature for Bose-Einstein condensation.
A bias field B 0 e 3 gave a ω 0 /2π = 23. When Ω RF = √ 2 the xyz transitions are ω zx = 2ω xy and ω zy = 3ω xy and our system can be described using Floquet theory (see Methods).
(3) CDD renders the xyz states nearly immune to magnetic field noise.
Each pair of Raman lasers coupled states |i, k → |j, k + k i,j where |i and |j denote the initial and final xyz states, k is the initial momentum and k i,j = k i − k j is the twophoton Raman recoil momentum. Dressed states with quasimomentum q are comprised of three bare states |j, k with momentum k = q − k j . The eigenstates of our Rashba SOC Hamiltonian take the form
where the quasimomentum q is a good quantum number and the amplitudes are parametrized by a n,j (q) and φ n,j (q). We leveraged the wide momentum distribution of a non-condensed ensemble (T ≈ 180 nK and T /T c ≈ 1.1) to sample a wide range of momentum states simultaneously. By starting separately in each of the xyz states we sampled the range of quasimomentum states shown in Fig. 2a , where the momentum distributions of an initial state |j, k is shifted from q = 0 by the corresponding Raman wave vector k j .
Our measurement protocol consisted of abruptly removing the confining potential and the Raman lasers, initiating a 21 ms time-of-flight (TOF). During this TOF we adiabatically transformed each of the xyz states back to a corresponding |m F state and spatially separated them using a 'Stern-Gerlach' gradient. Finally we used resonant absorption imaging to measure the resulting density distributions, yielding the spin-resolved momentum distribution.
We directly measured the 2D dispersion relation using Fourier transform spectroscopy 28 .
In this technique we considered the evolution of an initial state |i, k suddenly subjected to the Raman coupling lasers. This atomic Rabi-type interferometer is analogous to the threeport beam-splitter depicted in Fig. 2b . During a pulse time t p we followed the dynamics of the populations in the xyz states which evolved with oscillatory components proportional to j =n a n,j (q) cos([E n (q) − E j (q)]t p /h), with frequencies determined by the eigenenergy differences E n − E j . Figure 2c shows the momentum dependent populations for a fixed pulse time t p and Fig. 2d shows representative final populations as a function of t p for a fixed quasimomentum state. We Fourier transformed the populations with respect to t p Âăand for a given quasimomentum state to produce spectral distributions as a function of quasimomentum q. The spectral maps in Fig. 3b depict planes of constant q 1 in this three-dimensional distribution, whose extrema are the energy differences E n − E j in the engineered dispersion (Fig. 2a) . Together these show the presence of a single Dirac point in the Rashba subspace, evidenced by the gap closing near q = 0 and the photon-like lower branch. The dashed curves correspond to the energy differences computed for our system using the dispersions shown in Fig. 3a , and are in clear agreement with our experiment.
However, the energies shed no light on the topology of the different branches of the dispersion, which instead requires knowledge of the eigenstates. The Berry curvature present in Eq. 1 can be derived from the Berry's connection
behaves much like a vector potential in classical electromagnetism. The Berry curvature
is the associated magnetic field and the flux through any surface is the line integral of A(q) along its boundary, after neglecting the contributions of Dirac strings which we will discuss later. The Berry connection derived from Eq. 2
depends on both the phase and amplitude of the wave function. We obtained a n,j (q) and φ n,j (q) using a three-arm time-domain Ramsey interferometer, implementing a variant of quantum state tomography 29, 30 . The use of a multi-path interferometer allowed us to transduce information about phases into state populations, which we readily obtained from absorption images.
Figure 4a shows our experimental protocol. We adiabatically mapped an initial |j, k state into a corresponding eigenstate |n, q = k + k j , either in the topologically trivial highest dispersion branch (n = 3) or in the topological ground branch (n = 1) by dynamically tailoring both the Raman coupling strength and detuning (see Methods). We suddenly turned off the Raman coupling, thereby allowing the three bare state components of the Rashba eigenstates to undergo free evolution for a time t free , constituting the three arms of our time-domain interferometer. Finally we applied a three-port beam splitter using a brief Raman 'recombination' pulse to interfere the three arms. At the end of this procedure, the population in a final state |l, q is
which directly reads out the phase differences, independent of the output port l.
is a smoothly varying phase imprinted by the recombination pulse and is independent of q in the limit of short, strong pulses. The angular frequencies ω i,j (q) =hq · k i,j /m + δ i,j result from the known free particle kinetic energy and detuning δ i,j from the tripod resonance condition. Figure 4b shows the momentum-dependent populations in each output port at fixed t free = 160 µs and Fig. 4c shows the populations as a function of t free for a representative quasimomentum state (q 1 , q 2 ) = (0.55, −0.92) k L . We obtained the relative phases from Eq. 4
by fitting the measured populations to the sum of three cosines with the known free particle frequencies but unknown amplitudes and phases. Figure 5a shows typical phase-maps for both the non-topological and topological branches.
In the non-topological phase-maps the momentum dependence of the recombination pulse φ p l,i,j (q) causes a smooth variation of the phases along the Raman recoil axes that does not affect the evaluation topological index of our system. To recover the phases φ n,j of the full spinor wave function from the fits, we made the gauge choice described in the Methods.
We recovered the phases φ n,j of the full spinor wave function from the relative phases obtained from the fits by choosing a particular gauge (see Methods). We then used the values of a n,i obtained from measuring the populations in the xyz states at t free = 0 in combination with the phases of the wave function to compute the Berry connection 31 . Figure 5b shows the three phase differences as a function of polar angle for a loop of radius q ≈ 0.77 k L for both the topological and non-topological branches. In addition to the smooth variations induced by the recombination which are present in both columns, the phases of the topological branch have two π valued jumps that lead to non-zero Berry phases when the Berry connection is integrated along a closed loop in momentum space. The Raman coupled states are well described by the combined kinetic and light-matter
where k i are the Raman wave vectors, δ i is a detuning from Raman resonance and Ω ij is the Raman coupling strength between a pair of RF dressed states.
Our implementation of Rashba SOC has the advantages of reduced losses from spinrelaxation collisions and increased stability against environmental fluctuations due to the clock-like nature of the xyz sates. The measured spontaneous emission limited lifetime of our system is 320(17) ms. However it is reduced to 40(2) ms when the Raman couplings are resonant, which we attribute to technical noise in the relative phase between the RF dressing field and the Raman laser fields, which has caused considerable consternation in ongoing experiments.
Floquet effects
We operated in a regime where the transition energies between the xyz states were integer multiples of ω xy : ω zx = 2ω xy and ω zy = 3ω xy , and therefore we can use Floquet theory for a complete description of our system 38 . The Hamiltonian in Eq. 5
is therefore an effective Hamiltonian that describes the stroboscopic dynamics of the full Floquet Hamiltonian. We observed that the effective Raman coupling strengths for the driven three level system differed from our calibrations which were performed by only driving one pair of states because of the presence of nearby quasi-energy manifolds. This effect would be mitigated for larger values of ω xy as the spacing between quasi-energy manifolds is increased.
Combining spectral maps from different states In the Fourier spectroscopy experiments, we initialized the system in any of the three xyz states. We individually computed the Fourier transforms with respect to t p for a total of nine distributions of |j, q states (accounting for each of the three xyz states that were split each into 3 states). We computed the spectral maps displayed in Fig. 2b by averaging the PSD of each distribution, where each q state was weighted by the mean population in t p .
State preparation for Ramsey interferometer
For the Rashba dressed states preparation we started with RF dressed states with a different coupling strength Ω RF /π2 ± 20 kHz.
This change shifted the energies of the |z and |y states by about ±18.8 kHz. The change in the xyz state eigenenergies corresponded to non-zero δ z and δ y in Eq. 5. We chose the detuning such that the initial state had a large overlap with either the n = 1 or the n = 3 eigenstates of Eq. 5. We ramped the Raman on in 750 µs and then ramped Ω RF to its final value in 1 ms, effectively ramping δ z and δ y close to zero. This detuning ramp had the additional effect of moving the location Dirac point through the atoms, thereby creating a trajectory where the state preparation was not adiabatic. This trajectory depended on the sign of the detuning ramp and therefore we used different initial states and detuning ramps for the ground state preparation and we excluded the Dirac point trajectories when combining the data. Near the final location of the Dirac point the state preparation can not be adiabatic regardless of the initial state or detuning used for the ground state preparation.
Finally, because of our state preparation method we could only prepare dressed states in either the n = 1 or n = 3 by initializing the system in the |y or |z states. When we prepared the system in |x the final dressed state corresponded to the n = 2 branch. Figure 1 | a Our engineered dispersion consisted of a two-level Rashba subspace (red and blue) with a single Dirac point linking the lowest two branches and a topologically trivial higher branch (gray). b We generated xyz states by combining a bias magnetic field along e 3 with an RF magnetic field oscillating along e 1 . These states were coupled by three cross-polarized Raman laser beams propagating along e 1 , e 2 − e 1 and −e 1 − e 2 . c Each pair of Raman lasers was in twophoton resonance with a single transition between the xyz states which we coupled strengths
Combining phases from different states
(Ω zx , Ω xy , Ω yz )/2π = (12.6(5), 8.7(8), 10(1)) kHz. We started with atoms in state |z, y, q i = k + k j and with detuning δ y = ±5 E L and δ z = ±5 E L . We ramped the Raman lasers on in 750 µs and then ramped the detuning to nominally zero. We let the system evolve in the dark for times between 5 µs and 400 µs, followed by a 25 us Raman pulse. (Bottom) The implemented experimental protocol was equivalent to a three-arm interferometer that split an initial state into three final states with amplitudes related to the initial wave function phases. b Probabilities as a function of quasimomentum for the three output ports of the interferometer at t free = 160 µs c Probabilities as a function of free evolution time t free for an input state with quasimomentum (q 1 , q 2 ) = (0.55, −0.92) k L indicated by the blue star on b and in the topological ground branch (n = 1) 
